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We investigate the conversion of a Bose-Einstein condensate ~BEC! of a weakly interacting gas into a
molecular BEC ~MBEC! by Bose-stimulated Raman adiabatic passage ~STIRAP!. This method of producing
an MBEC does not experience large spontaneous losses while the condensate is in an excited electronic state,
and it is robust with respect to small changes in the physical parameters. We show that the atomic interactions
affect the quantum statistics of the resulting field, although they do not interfere with the production of the
MBEC. We demonstrate that STIRAP is still feasible when we include the spatial degrees of freedom that
cause the Bose-enhanced coupling rate to vary across the condensate. The complete conversion is destroyed by
spatial effects unless the time scale of the coupling is much faster than the propagation time, which in practice
requires submillisecond conversion.
DOI: 10.1103/PhysRevA.63.043603 PACS number~s!: 03.75.Fi, 32.80.WrI. INTRODUCTION
The Bose-Einstein condensation ~BEC! of a weakly inter-
acting atomic gas @1,2# has been of great theoretical and
practical interest, and has recently led to the prediction of
Bose-enhanced chemical processes, such as molecular pho-
toassociation, at ultralow temperatures @3#. In a recent paper
@4#, Mackie et al. analyzed coherent two-color photoassocia-
tion of a Bose-Einstein condensate in the limit where the
spatial structure and the nonlinearities due to the atomic in-
teractions could be ignored. They showed that photoassocia-
tive Bose-stimulated Raman adiabatic passage ~STIRAP! is a
viable mechanism for converting an atomic condensate to a
molecular condensate with near unit efficiency. We extend
this model to include the spatial dependence of the atomic
and molecular condensates, and include the effects of the
interatomic interactions.
The process of STIRAP requires a pair of overlapping
laser pulses, one of which couples the BEC from the atomic
state to an excited molecular state, while the other couples
the excited molecular field to a stable molecular state. These
pulses are applied in the ‘‘counterintuitive’’ sequence, where
the atomic field is first exposed to the laser that couples the
two molecular states. Rather than attempting to combine the
atoms within the BEC to produce molecules, this laser is
defining the initial state of the BEC as a ‘‘dark’’ state, which
does not interact with the laser. As the second pulse appears,
the dark state becomes a linear combination of the two stable
states. When the first pulse is finished, the stable molecular
BEC ~MBEC! is the equivalent dark state, as it is not af-
fected by the laser that couples the atomic state to the excited
molecular state. If the pulses are made sufficiently long, then
the system adiabatically evolves from the stable atomic BEC
to the stable molecular MBEC without producing a signifi-
cant population in the excited MBEC.
STIRAP relies on the formation of the dark states and the
ability to smoothly transfer from one to the other. Although
the coupling strength of the atomic to molecular transition is
quite weak @5#, there is Bose enhancement of that transition1050-2947/2001/63~4!/043603~6!/$20.00 63 0436rate, so its effective Rabi frequency can be made comparable
to that of the excited-ground molecular transition, and
Mackie et al. showed that this means that STIRAP may be a
feasible method for producing an MBEC @4#. The model
used in that paper ignored both the spatial structure of the
condensates, and the effect of the interatomic interactions.
The resulting model has formal similarities to traveling-wave
second-harmonic generation @6#, with the addition of an extra
level. The atomic interactions will introduce a term analo-
gous to a x (3) nonlinearity, which has been known to affect
the quantum statistics in second-harmonic generation @7–10#.
We therefore wish to examine the effects of the atomic in-
teractions on the quantum statistics of the MBEC output.
A multicomponent BEC can only be described by a zero-
dimensional model when each component can be described
by a fixed spatial wave function. This requires the coupling
to be spatially independent, and since the Bose enhancement
~which we are relying on for the STIRAP to proceed! is
density dependent, this condition is not met for this system.
In real condensates, the interatomic interactions will cause
further complications by making the spatial wave function of
the trapped atoms depend on the total number of atoms in
each component. For mean-field condensates, these effects
can be modeled by the Gross-Pitaevski equation ~GPE!,
which has already been used to describe Raman photoasso-
ciation in condensates by Heinzen et al. @3#. In that paper, a
two-component mean field was coupled with a Raman tran-
sition that did not vary in time, and large oscillations be-
tween the two components were predicted.
In Sec. II, we will numerically solve the zero-dimensional
model of STIRAP with the interactions included as a x (3)
term, and examine the quantum-statistical features of the
fields. In Sec. III, we extend the model to include the spatial
degrees of freedom by using a nonlinear Schro¨dinger equa-
tion to describe the BEC and MBEC fields.
II. ZERO-DIMENSIONAL MODEL
Calculations of the quantum statistics of atomic fields can
in principle be done by using phase-space techniques such as©2001 The American Physical Society03-1
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these methods are considerably more difficult to apply to
atomic fields than equivalent optical systems, as the inter-
atomic interactions create nonlinear spatial effects that must
be included in the calculations. This spatial dependence can
only be ignored over very short time scales in which the
kinetic-energy terms do not significantly couple the field be-
tween different locations. To gain a simple understanding of
the quantum statistics of this system, we model each compo-
nent of the BEC or MBEC as a single mode. This description
will not be valid for time scales that are not much smaller
than the time scale defined by the kinetic-energy term in the
Hamiltonian. This is equivalent to considering the regime in
which there is large coupling between the different compo-
nents.
We are therefore describing the STIRAP process with
three coupled modes, as in Mackie et al. @4#. The three
modes are in a l configuration as shown in Fig. 1, with state
u1& being the atomic BEC, state u2& the excited state of the
MBEC, and state u3& the stable MBEC. In a rotating frame,
the interaction Hamiltonian may be written as
Hˆ
\
5dbˆ †bˆ 1ik@aˆ †2bˆ 2aˆ 2bˆ †#1iV@bˆ †cˆ 2bˆ cˆ †#1xaaˆ †2aˆ 2
1xbbˆ †2bˆ 21xccˆ †2cˆ 2, ~1!
where aˆ , bˆ , and cˆ are the annihilation operators for u1&, u2& ,
and u3& , respectively. The couplings for the u1&↔u2& and
u2&↔u3& transitions have effective strengths k and V , which
are time dependent. We have ignored any interactions be-
tween the modes, as the magnitude of these interactions is
not known. These interactions would be simple to include in
the model, although if they were larger than the intracompo-
nent interactions, they could lead to effects that would re-
quire the spatial structure to be included. In the high cou-
pling limit, where the spatial structure can be ignored, the
effect of all interactions will also be correspondingly re-
duced.
The Heisenberg equations of motion resulting from Eq.
~1! are
daˆ
dt 52ka
ˆ
†bˆ 22ixaaˆ †aˆ 2, ~2a!
FIG. 1. Energy-level scheme for coherent free-bound-bound
photoassociation. Levels u1&, u2&, and u3& are the electronic states
for the atomic BEC, the excited MBEC, and the ground MBEC,
respectively. t(5Vpt) is dimensionless.04360dbˆ
dt 52idb
ˆ 2kaˆ 21Vcˆ 22ixbbˆ †bˆ 2, ~2b!
dcˆ
dt 52Vb
ˆ 22ixccˆ †cˆ 2, ~2c!
which as coupled nonlinear operator equations, have no
known analytic solution. Hence, we proceed via the usual
methods to derive c-number equations in the positive-P rep-
resentation of quantum optics @13,14#. In order to write sto-
chastic partial differential equations, we must use the
positive-P for this system, as the P representation Fokker-
Planck equation has a non-positive definite diffusion matrix
and the Wigner representation gives derivatives of higher
than second order @11,12#. In further calculations in this sec-
tion, we will set xa5xb5xc5x and d50. We find the
following set of coupled Itoˆ stochastic partial differential
equations:
da
dt 522ixa
2a†12ka†b1A2kb22ixa2h1~ t !,
da†
dt 52ixa
†2a12kab†1A2kb†12ixa†2h2~ t !,
db
dt 522ixb
2b†2ka21Vg1A22ixb2h3~ t !,
db†
dt 52ixb
†2b2ka†21Vg†1A2ixb†2h4~ t !,
dg
dt 522ixg
2g†2Vb1A22ixg2h5~ t !,
dg†
dt 52ixg
†2g2Vb†1A2ixg†2h6~ t !, ~3!
where there is a correspondence between @aˆ ,aˆ †,bˆ ,bˆ †,cˆ ,cˆ †#
and @a ,a†,b ,b†,g ,g†# , although the latter are c-number
variables that are not complex conjugate except in the mean
of a large number of stochastic trajectories. This is due to the
independence of the real noise terms, which have the prop-
erties h i(t)50 and h i(t)h j(t8)5d i jd(t2t8).
The model of Eq. ~3! is similar to that used in Mackie et
al. @4#, except that we have included self-interactions via the
x (3) nonlinearity and, by going to the positive-P representa-
tion, we have specifically included quantum effects. This
model ignores the spatial structure of a real condensate, al-
though it can be considered an approximation to a one-
dimensional condensate in the limit where the kinetic-energy
term in the Hamiltonian can be ignored. In the STIRAP case,
as we show in Sec. III, this turns out to be a good approxi-
mation as long as the applied fields are of short duration.
To solve Eq. ~3!, we proceed via numerical stochastic
integration, with the initial conditions that a(0)5a†(0)
5100, the values for the other two fields being zero. These
are all in coherent states, represented as d functions in the P3-2
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sheared in a number-preserving way, producing a ‘‘banana-
shaped mode’’ in the Wigner representation @15#. Such a
state would be very difficult to write in the P representation
without the use of generalized functions. However, the evo-
lution of a coherent state will give a qualitative indication of
the effects of the nonlinearities on the quantum statistics.
The applied fields k and V , are time-dependent Gaussian
pulses:
V~t!5Vp expF2 12 S t2T1s D
2G ,
k~ t !5kp expF2 12 S t2T2s D
2G , ~4!
FIG. 2. The populations of Na and Nc calculated using 105
stochastic trajectories. The maximum population of Nb is too small
to appear at this scale. This figure does not noticeably change
whether the x (3) interactions are included or not. t(5Vpt) is di-
mensionless.
FIG. 3. The quadrature and number variances of the final state
without the x (3) interaction. The final state is subPoissonian and
squeezed in the amplitude quadrature. t(5Vpt) is dimensionless.04360where Vp and kp are the peak Rabi frequencies and we are
using a dimensionless time t5Vpt . The results shown in
Fig. 2 were produced with the parameters kp /Vp50.005,
T15533, T251025, and s5133, for which the stochastic
integration was stable and there was a good conversion to the
MBEC.
The quantities of interest are the numbers in each of the
three states and the quantum statistics of the final state. As
shown in Fig. 2, the mean number occupation of each mode
does not change significantly with the addition of the self-
interaction terms. We used a value x/Vp51024, which can
be obtained by suitable choice of the coupling of the cou-
pling strength Vp . For ‘‘quick’’ STIRAP, in which Vp is
larger than 10 kHz, this value for x is likely an overestimate.
FIG. 4. The quadrature and number variances of the final state
with the x (3) interaction included. The final state is subPoissonian,
but there is no steady-state quadrature squeezing. t(5Vpt) is di-
mensionless.
FIG. 5. The population transfer between the BEC and the
MBEC. In this figure T52 ms, Vp5200 MHz, kp
520 kHz, and the atomic and trap parameters are as described in
the text. All of the atoms have been converted to diatomic mol-
ecules, and the population of the excited MBEC is not visible on
this scale.3-3
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of the wave functions as they de-
velop in time. The upper plot
shows the ground atomic state, the
middle plot shows the intermedi-
ate state, and the lower plot shows
the desired final molecular state.
Note that the excited molecular
state is essentially unpopulated.We found that this actually decreased the maximum occupa-
tion of the intermediate dark state, from 9 ~with x50) to
less than 1. On the scale of the figure, there is no visible
difference in the dynamics whether or not x (3) is included.
Our primary interest in solving the zero-dimensional
model is to determine the quantum statistics of the resultant
field. To this end, we have calculated the quadrature vari-
ances for Xc5c1c† and Y c52i(c2c†), as well as the nor-
malized intensity variance. A coherent state will have a
quadrature and intensity variance of 1, a value of less than 1
for the quadrature variances represents squeezing, while a
value of less than one for the intensity variance represents a
subPoissonian field. Without the self-interactions, we find
that the resultant field is a little less than 50% squeezed in
the Xc quadrature, as shown in Fig. 3. The field is still close
to being in a minimum uncertainty state and has a normal-
ized intensity variance indistinguishable from the variance in
Xc . This is typical of resonant x (2) interactions where the
mean fields remain real, as the Wigner function ellipse is
squeezed, but neither rotated nor moved off the X axis.
The 50% amplitude squeezing in the MBEC is a direct
consequence of the fact that the process is completely con-
verting a coherent BEC to diatomic molecules, which in the
number basis simply compresses the scale of the number
distribution by a factor of 2.
When we add the nonzero x (3) component, we find a
significant difference in the quantum state of the output
mode, although the dynamics are essentially unchanged. As
seen in Fig. 4, while the normalized intensity variance is
almost unchanged, there is now no squeezing in either
quadrature. Examination of the variances at different quadra-
ture angles shows that the minimum quadrature noise contin-
ues to increase while the intensity noise stays constant. This
is a signature of x (3) systems and indicates that there is a
rotation and deformation of the Wigner ellipse of the initial04360coherent state. This effect has previously been calculated for
the condensate @15#, showing that the contours of the Wigner
function take on a bananalike shape, which would indeed
give subPoissonian statistics at the same time as excess
quadrature noise.
III. MODEL IN ONE DIMENSION
We have shown that the interactions do not adversely af-
fect the population transfer to the MBEC, but we have ig-
nored any possible spatial effects. In this section, we de-
scribe these effects with a mean-field model.
When the kinetic energy can be ignored, the fields at dif-
FIG. 7. The population transfer between the BEC and the
MBEC. In this figure T50.4 ms, Vp51 MHz, kp
5100 Hz, and the atomic and trap parameters were as described in
the text. For this longer time scale, the population of the excited
state MBEC is quite significant.3-4
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of the wave functions as they de-
velop in time. The upper plot
shows the ground atomic state, the
middle plot shows the intermedi-
ate state, and the lower plot shows
the desired final molecular state.
Note that the excited molecular
state is essentially unpopulated.ferent points in space are not coupled, and the fields de-
couple into a set of three component zero-dimensional sys-
tems as described in Sec. II. Each subsystem is described by
the three components at a single point. We have shown that
it is possible to choose coupling parameters for this system
that produce an MBEC without producing excited molecules.
This transfer is most reliable when the Bose enhancement of
the free-bound transition is sufficiently large to be compa-
rable to the bound-bound Rabi frequency. The process of
STIRAP requires the effective ratio of the two Rabi frequen-
cies to start off close to zero and slowly change to become
extremely large. This condition is most easily satisfied when
the peak values are comparable. Any asymmetry will make
one condition stronger, but make the other one weaker. As
the Bose enhancement is proportional to the square root of
the density of the field, we can see that it is only possible to
have the effective peak Rabi frequencies equal at a single
point in space. For higher densities, the free-bound transition
will peak stronger than the bound-bound transition, and for
lower densities it will be weaker.
The presence of the kinetic-energy term couples the fields
at different points in space, and since they are proceeding
through the transition from one dark state to the other at
different rates, this could possibly destroy the ‘‘darkness’’ of
the dark states. Fortunately, the requirement that the laser
pulses be changed adiabatically only means that they have to
be changed slowly on the time scale of the inverse Rabi
frequency. This means that the high laser power can make
the adiabatic transition very quickly. This allows us to pro-
duce the MBEC over a time scale that is much shorter than
that of the nonlocal coupling produced by the kinetic energy.
We describe each electronic state of the BEC as a mean
field that evolves by the one-dimensional GPE. This includes
the spatial dependence of the field and can include the effects04360of the interatomic interactions. The lasers coupling the BEC
and MBEC components are assumed to be spatially much
broader than the condensates, so the coupling coefficients do
not depend on position.
The resulting equations of motion are
i\
]
]t
c1~x !5S 2 \22M „21V1~x !1Uuc1~x !u2Dc1~x !
22\k~ t !c1
†~x !c2~x !,
i\
]
]t
c2~x !5S \d2 \22M „21V2~x !1Uuc2~x !u2Dc2~x !
2\k~ t !c1~x !
22\V~ t !c3~x !,
i\
]
]t
c3~x !5S 2 \22M „21V3~x !1Uuc3~x !u2Dc3~x !
2\V~ t !c2~x !, ~5!
where c1 is the mean field of the atomic BEC, c2 and c3 are
the mean fields for the excited and ground MBEC, respec-
tively, V j is the trap potential for corresponding field c j ,
k(t) is the Rabi frequency for the free-bound photoassocia-
tion, and V(t) is the Rabi frequency for the excited-stable
molecular transition. The mean fields are normalized to the
total atom number, so *dx@ uc1(x)u212uc2(x)u2
1uc3(x)u2#5N , where N is the total number of atoms, in-
cluding those in the molecules.
We solve these equations numerically, beginning with an
atomic BEC in the ground state. We use a split-step operator
method implemented by a package called XMDS, which
solves nonlinear PDEs @16#. Our simulations show that with3-5
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peak density, we have an almost complete transfer from the
stable atomic BEC to the molecular MBEC. The population
of the excited-state MBEC is of a similar order to the re-
sidual population in the atomic BEC, and both are negligibly
small. This transfer is shown in Figs. 5 and 6. We used
typical atomic and trap parameters: M55310226 kg and
V(x)5Mv2x2/2, where v5773 Hz.
Both laser pulse shapes were Gaussian @4#:
v~ t !5Vp exp2~ t22.5T !2/T2,
~6!
k~ t !5kp exp@2~ t24.5T !2/T2# ,
where T is the length scale of the pulses, and for the adia-
batic condition to hold VpT@1. The value for kp is chosen
so that kpc1(x ,0)’Vp for the largest possible number of
atoms.
The results in Figs. 5 and 6 are obtained using powerful
pulses that are only a few microseconds long. When the
pulses are applied for longer times, the kinetic energy
couples the field between different positions and disturbs the
dark states. This means that significant populations of ex-
cited molecules can be produced. In this situation, the spatial
structure becomes more complicated, as there is a large
amount of energy bound up in the mean-field interactions
that is being partially converted to kinetic energy.
Figure 7 shows the population transfer that occurs when
the STIRAP process takes place over several milliseconds.
The figure of merit for the adiabaticity VpT is the same, and
in the absence of kinetic energy this figure would look iden-
tical to Fig. 5. When we include the spatial structure, we find
a large population in the molecular excited state.04360When the interaction takes place more slowly, the spatial
structure of the condensate gets significantly disturbed. The
interactions are so large in these systems that the kinetic
energy barely affects the shape of the ground state, so it is
not surprising that condensates are very sensitive to distur-
bances. For the same reasons, the GPE becomes quite stiff in
these parameter regimes, so it becomes a lot more difficult to
make detailed calculations. The parameters used in Fig. 7 are
taken from the onset of this stiff regime, and the mean field
is already looking complicated. The density function of each
condensate is shown in Fig. 8.
IV. CONCLUSIONS
We have shown that the transfer of atoms to molecules
via STIRAP is robust with respect to detunings, x (3) nonlin-
earities, and small asymmetries between the peak strengths
of the two Raman lasers. This enables the process to provide
a complete population transfer by two short, powerful, over-
lapping laser pulses. The complete conversion is destroyed
by spatial effects unless the time scale of the coupling is
much faster than the propagation time. For the parameters
used in this paper, this meant that the entire conversion pro-
cess had to take place on a submillisecond time scale. The
output MBEC is likely to exhibit some interesting quantum
statistical features, including suppression of noise in the par-
ticle number due to the atomic combination.
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